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Hyperbolic metamaterials may be used to model a 2+1 dimensional Minkowski 
spacetime in which the role of time is played by one of the spatial coordinates. 
When a metamaterial is built and illuminated with a coherent extraordinary laser 
beam, the stationary pattern of light propagation inside the metamaterial may be 
treated as a collection of particle world lines, which represents a complete 
“history” of this 2+1 dimensional spacetime. While this model may be used to build 
interesting spacetime analogs, such as metamaterial “black holes” and “big bang”, 
it lacks causality:  since light inside the metamaterial may propagate back and 
forth along the “timelike” spatial coordinate, events in the “future” may affect 
events in the “past”. Here we demonstrate that a more sophisticated metamaterial 
model may fix this deficiency via breaking the mirror and temporal (PT) 
symmetries of the original model and producing one-way propagation along the 
“timelike” spatial coordinate. Resulting 2+1 Minkowski spacetime appears to be 
causal. This scenario may be considered as a metamaterial model of the Wheeler-
Feynman absorber theory of causality.  
 
Recent advances in electromagnetic metamaterials and transformation optics gave rise 
to such fascinating devices as perfect lenses [1], invisibility cloaks [2-7], perfect 
absorbers [8], and numerous other novel electromagnetic devices. On the other hand, 
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development of these techniques has led to considerable progress in modelling unusual 
spacetime geometries, such as black holes [9-12], wormholes [13,14], Alcubierre warp 
drive [15], and spinning cosmic strings [16]. Hyperbolic metamaterials are especially 
interesting in this respect since extraordinary rays in a hyperbolic metamaterial behave 
as particle world lines in a three dimensional (2+1) Minkowski spacetime [17,18]. 
When this spacetime is “curved”, metamaterial analogues of black holes [19] and the 
big bang [18] may be created. Unfortunately, such metamaterial-based Minkowski 
spacetime analogues described so far are limited in one very important respect. They 
lack causality. The role of a timelike coordinate in these models is played by one of the 
spatial coordinates. For example, z-coordinate may play the role of time. Since light 
inside the metamaterial may propagate back and forth along this timelike z coordinate, 
events in the “future” may affect events in the “past”. Here we demonstrate that a more 
sophisticated metamaterial model may fix this deficiency via breaking the mirror and 
temporal (PT) symmetries of the original model and producing one-way propagation 
along the “timelike” z coordinate. Resulting effective 2+1 dimensional Minkowski 
spacetime appears to be “causal”: all events inside such a metamaterial may be arranged 
into causal sets. 
Let us begin with a brief summary of refs.[17-19], which demonstrated that 
extraordinary rays in a hyperbolic metamaterial behave as particle world lines in a 2+1 
dimensional Minkowski spacetime, and that one of spatial coordinates may become 
“timelike” in a hyperbolic metamaterial. Let us assume that a non-magnetic uniaxial 
metamaterial may be described by dielectric permittivities εx= εy= ε1 >0 and εz = ε2<0, 
and that this behaviour holds in some frequency range around ω=ω0. We will consider 
propagation of extraordinary light in such a metamaterial (vector E
r
 of the 
extraordinary light is parallel to the plane defined by the k–vector of the wave and the 
optical axis of the metamaterial). We will define a “scalar” extraordinary wave function 
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as ϕ=Ez so that the ordinary portion of the electromagnetic field does not contribute to 
ϕ. Since hyperbolic metamaterials exhibit considerable temporal dispersion, we will 
work in the frequency domain and write the macroscopic Maxwell equations as [20] 
ωω
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which results in the following wave equation for ϕω  : 
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When the hyperbolic metamaterial is illuminated by coherent CW laser field at 
frequency ω0, spatial distribution of the extraordinary field at this frequency is defined 
by the 3D Klein-Gordon equation for a massive scalar field ϕω : 
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in which spatial coordinate z=τ behaves as a “timelike” variable. Thus, eq.(3) describes 
world lines of massive particles which propagate in a flat 2+1 dimensional Minkowski 
spacetime [17-19]. Moreover, if a dipole source oscillating at frequency ω0 is placed 
inside the hyperbolic metamaterial, its radiation pattern looks like a light cone in 
Minkowski spacetime (see Fig.1). The latter result may be understood qualitatively 
from the following simple argument. At large wave vectors the right hand side of eq.(3) 
may be neglected. Thus, any differentiable function F(ξ) gives rise to a solution of 
eq.(3) of the form     
)/()/( 2121 zbFzaF εερεερϕω −−+−+= rr ,                        (4) 
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where ρr is the radius vector in the (x,y) plane, and a and b are arbitrary coefficients. As 
can be seen from eq.(4) and Fig.1, the dipole radiates equally into the “past” and the 
“future” light cones. Thus, our model 2+1 dimensional Minkowski spacetime lacks 
causality. This lack of causality is a natural consequence of the PT symmetry of our 
hyperbolic metamaterial: it does not change under the zÆ-z and tÆ-t transformations. 
This feature of our model differs drastically from physics of real 4D Minkowski 
spacetime, where dipoles are assumed to radiate only in the positive t direction. (Note 
however that this notion is not universally accepted – see for example the Wheeler-
Feynman absorber theory described in refs.[21,22]).  
In order to design a causal model of 2+1 dimensional Minkowski spacetime we 
need to break PT symmetry in such a way that only the “future” light cone will remain 
intact, while radiation into the “past” light cone will be eliminated. As a result, signals 
will propagate only in the positive z direction. Examples of such one-way propagation 
due to broken PT symmetry may be found in numerous optical and microwave systems 
[23-25]. Typically, they involve utilization of magneto-electric materials and ferrites 
[26], nonlinear optical effects or explicit time-dependent behavior of the system [27]. 
Let us demonstrate how a model of causal 2+1 dimensional Minkowski spacetime may 
be designed based on similar approaches. 
 High frequency macroscopic electrodynamics of metamaterials may be 
described using two equivalent languages [20]. We can either introduce magneto-
electric moduli relating (D,H) and (E,B) pairs: 
BED
rtrtr αε += ,                                                           (5) 
                                                       EBH
rtrtr βμ += −1 ,     
 or assume that ED
rtr ε=  and  BH rr = , while tensor ),( 0 k
rt ωε exhibits linear (odd) terms 
in spatial dispersion: 
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Connection between these two descriptions is easy to establish for time harmonic plane 
waves, since  
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If nonlinear optical effects need to be taken into account, description in terms of spatial 
dispersion becomes more convenient since we can treat both spatial dispersion and 
nonlinear effects in a unified fashion. We can write 
 ,                                  (8) ...)3()2()1( +++= mljijlmljijljiji EEEEEED χχχ
where the nonlinear susceptibility terms χ may exhibit spatial dispersion. Nonlinear 
optical interactions may contribute to effective ),( 0 k
rt ωε  via multiple terms in (8). For 
example, if we assume that  
)()( 0 ωω EEE
rrr += ,                                                           (9) 
it is clear that the third order nonlinear effects always contribute to effective ),( 0 k
rt ωε
)
. 
Second order nonlinear effects may also strongly contribute to  if phase 
matching conditions for either sum or difference frequency generation are satisfied 
inside the metamaterial. For example, if ω=2ω0 and phase-matching exists between the 
first and second harmonic along some particular direction inside the metamaterial, there 
will be strong k-dependent coupling between ω0 and 2ω0 fields.  
,( 0 k
rt ωε
Let us demonstrate that presence of linear (odd) k terms in effective spatial 
dispersion  may lead to one-way “causal” propagation of signals along the ),( 0 k
rt ωε
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“timelike” z coordinate in a hyperbolic metamaterial. The dispersion law of 
extraordinary photons in the absence of spatial dispersion 
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(where εx= εy= ε1 >0 and εz = ε2<0) is shown in Fig.2(a). Note that two hyperbolic 
branches of the dispersion law, which are symmetric with respect to zÆ-z 
transformation, are separated by large  gap in k space. Therefore, we may 
infer several suitable functional forms of spatial dispersion 
c/2 2/11 ωε
),( 0 kij
rωε , which eliminate 
the lower hyperbolic branch of the dispersion law at kz<0 as shown in Fig.2(b). Since 
off-diagonal terms of  are typically much smaller than the diagonal terms, for 
the sake of simplicity let us consider a situation where off-diagonal terms may be 
neglected. As will be demonstrated below, this situation may be realized via nonlinear 
optical effects. One option presented in Fig.2(c) describes a hyperbolic “ε near zero” 
(ENZ) material in which ε1>0 does not exhibit much spatial dispersion, while ε2 has 
near zero value at k=0. ENZ materials necessarily exhibit strong spatial dispersion [28], 
and linear terms in  must dominate at small wave vectors kz. Since on the 
other hand 
),( 0 kij
rωε
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rωε
),( 0ij k
rωε  must be bound in the ±∞→
/2/11 ωε
zk
z −<
 limits, functional shape of 
presented in Fig.2(c) must be typical in ENZ hyperbolic metamaterials 
exhibiting linear spatial dispersion. As a result, we have an unusual situation in which ε2 
is negative at and positive at k . This functional behaviour 
of ε2 eliminates lower hyperbolic branch of dispersion relation as shown in Fig.2(b). 
Radiation pattern of a dipole source placed inside such a medium has been calculated 
using COMSOL Multiphysics 4.2 solver. As expected, only the “future” light cone 
remains in the radiation pattern (see Fig.3(a)). 
),( 0 kij
rωε
c/2/1 ωkz > 1ε c
 Another possible scenario realizing “causal” hyperbolic metamaterial may be 
based on nonreciprocal directional dichroism [24,29]. This scenario is presented in 
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Fig.2(d). Breaking mirror zÆ-z symmetry may lead to asymmetric behavior of Im(ε), 
and hence anisotropic propagation losses. Due to large gap  separating 
positive and negative hyperbolic branches of the dispersion law of extraordinary 
photons, nonreciprocal directional dichroism [29] may lead to suppression of one of 
these branches resulting in “causal” behavior of the dipole radiation pattern inside the 
metamaterial. Such radiation pattern calculated using COMSOL Multiphysics 4.2 solver 
is presented in Fig.3(b).  Note that this scenario may be considered as a metamaterial 
model of the Wheeler-Feynman absorber theory of causality [21,22]: the dipole radiates 
into both “future” and “past” light cones. However, radiation into the “past” is strongly 
absorbed. We should also note that real hyperbolic metamaterials always have large 
losses. Therefore, in the presence of linear spatial dispersion separation of scenarios 
considered in Fig.2 (c) and (d) is somewhat artificial. In reality, both scenarios happen 
at the same time.      
c/2 2/11 ωε
 Let us consider potential experimental realizations of these scenarios using 
metamaterials. A simplest experimental arrangement realizing a “causal” hyperbolic 
metamaterial is shown in Fig.4. Let us assume that a circular polarized ordinary wave at 
frequency 2ω0 propagates inside this metamaterial in the positive z direction. Thus, our 
geometry explicitly breaks PT symmetry, while metamaterial geometry remains 
uniaxial, and we may neglect off-diagonal terms in the ),( 0 k
rt ωε  tensor. The 
metamaterial consists of a metal wire array with volume fraction α and dielectric 
constant εm inside a nonlinear dielectric medium having dielectric constant εd. Diagonal 
components of the dielectric tensor of such a metamaterial for small α have been 
calculated in [30]: 
dm εααεε )1(2 −+= , and ( )( )α
αεε −
+≈
1
1
1 d                                  (11) 
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The ENZ conditions are realized if md εεα /−≈ . Under these conditions we may 
disregard spatial dispersion of ε1.  On the other hand, spatial dispersion of ε2 will be 
very pronounced and dominated by terms linear in k.  If the frequency dispersion of εd 
may be disregarded, the 2ω0 ordinary wave and all the extraordinary waves at frequency 
ω0 propagating in the positive z direction (kz>0) having small kx and ky are phase-
matched (see eq.(10) and Fig.4). Such an arrangement attenuates propagation losses of 
kz>0 extraordinary photons at frequency ω0, while not affecting kz<0 photons, leading to 
strong nonreciprocal directional dichroism of ε2 similar to one shown in Fig.2(d). On 
the other hand, according to eq.(8) real part of effective ε2 will also acquire a k-
dependent nonlinear correction   
ωω χχε 2)2(2)2(2 ~ yzzyxzzxNL EE + ,                                         (12) 
which peaks around the phase matching condition , where indices “e” and 
“o” indicate extraordinary and ordinary wave, respectively. Thus, the causal hyperbolic 
metamaterial scenario presented in Fig.2(c) may also be realized by suitable choice of 
sign of χ(2) of the nonlinear dielectric material.  
oe kk ωω 22/1=
 In conclusion, we have presented a metamaterial model of “causal” 2+1 
dimensional Minkowski spacetime in which the role of time is played by one of the 
spatial coordinates. Breaking the mirror and temporal (PT) symmetries of the hyperbolic 
metamaterial produces one-way propagation of the extraordinary photons along the 
“timelike” spatial coordinate. As a result, metamaterial becomes “causal”, and all events 
inside such a metamaterial may be arranged into causal sets. Our design may be 
considered as a metamaterial model of the Wheeler-Feynman [21,22] absorber theory of 
causality. Obvious limitation of our model comes from the fact that in order to preserve 
“3D Lorentz symmetry” of the original model we need to avoid off-diagonal terms in 
the dielectric tensor. Thus, we cannot employ such more common solutions as PT 
symmetry breaking using ferrites or magneto-electric materials in our design [26]. As a 
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result, we use a nonlinear material, whereas causality of wave propagation in the real 
4D Minkowski space-time does not rely on non-linear mechanisms.   
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Figure Captions 
Figure 1. Radiation pattern of a dipole source placed inside a hyperbolic metamaterial 
calculated using COMSOL Multiphysics 4.2 solver. Radiation pattern looks like a light 
cone in a 2+1 dimensional Minkowski spacetime in which spatial z coordinate plays the 
role of a “timelike” coordinate. 
Figure 2. (a) Dispersion law of a hyperbolic metamaterial, which does not exhibit 
spatial dispersion. (b) Desired dispersion law in a “causal” hyperbolic metamaterial. (c) 
Functional behavior of ε2 as a function of kz in an ε near zero (ENZ) hyperbolic 
metamaterial having nonzero linear spatial dispersion. This behavior results in “causal” 
propagation of signals inside the metamaterial. (d)  Functional behavior of Im(ε2) as a 
function of kz due to nonreciprocal directional dichroism. Such behavior also results in 
“causal” signal propagation.   
Figure 3. Radiation pattern of a dipole source placed inside “causal” hyperbolic 
metamaterials calculated using COMSOL Multiphysics 4.2 solver. Only the “future” 
light cone remains in the radiation pattern. Case (a) corresponds to scenario presented in 
Fig.2(c), while case (b) corresponds to scenario presented in Fig.2(d). 
Figure 4. Possible experimental realization of “causal” hyperbolic metamaterial: ENZ 
hyperbolic metamaterial operated at frequency ω0 is made of metal wire array inside a 
nonlinear dielectric. The metamaterial is illuminated along z-direction with a circular 
polarized ordinary wave at frequency 2ω0.   
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